We propose a new approach to superrigidity phenomena and implement it for lattice representations and measurable cocycles with Homeo+(S 1 ) as the target group. We are motivated by Ghys' theorem stating that any representation : Γ → Homeo+(S 1 ) of an irreducible lattice Γ in a semi-simple real Lie group G of higher rank, either has a finite orbit or, up to a semi-conjugacy, extends to G which acts through an epimorphism G → PSL2(R).
Introduction and Statement of the Main Results
Celebrated Superrigidity theorem of Margulis is one of the central results on lattices in semi-simple Lie groups; it gives a complete description of the linear representations of higher rank lattices and allows to classify such lattices via Margulis' Arithmeticity theorem ( [31] ). Zimmer's Cocycle Superrigidity is another remarkably powerful result which became an indispensable tool in the study of group actions on manifolds and in Ergodic theory of actions of large groups (cf. [47] ). In recent years the Superrigidity phenomenon has motivated and inspired a lot of further research on other "higher rank" groups, and the study of representations into target groups other than linear ones, e.g. isometry groups of CAT(-1) spaces, Hilbert spaces, CAT(0) spaces, Homeo(S 1 ) or Diff(S 1 ).
Our general objective is to develop a new and unified approach to many of these superrigidity phenomena; in the present paper this approach is implemented to obtain new superrigidity results (as well as to reprove known ones) for representations and cocycles valued in Homeo(S 1 ) -the group of homeomorphisms of the circle. The approach is built around a concept of a generalized Weyl group -which is a certain, typically finite, group W G,B associated to a given locally A.F. is supported in part by the NSF grant DMS-0094245. compact group G and (a choice of) a G-boundary in the sense of Burger-Monod, i.a. a measure space with a G-action which is amenable and doubly ergodic with (unitary) coefficients. For semi-simple G and the natural boundary B = G/P the generalized Weyl group agrees with the classical one (e.g. it is S n for G = SL n (k) where k is a local field). Amenable groups G admit a trivial boundary with the corresponding Weyl group being trivial; if G is an algebraic group of rank-one, or is a general Gromov hyperbolic group (or a non-elementary subgroup of such) then typically W G,B ∼ = Z/2Z. However W G,B is more complicated in many situations that we associate with "higher rank", namely:
(i) semi-simple algebraic k-groups G with rank k (G) ≥ 2;
(ii) products G = G 1 × · · · × G n of n ≥ 2 of non-amenable factors -in this case the Weyl group W G,B contains n i=1 W G i ,B i which contains (Z/2Z) n ; (iii) groups acting simply transitively on vertices ofÃ 2 buildings, in this case there exists a boundary with Weyl group containing S 3 . The philosophy is that any complexity of W G,B imposes certain amount of rigidity on actions of G, on representations/actions of lattices Γ < G, and on measurable cocycles of G or Γ < G. In the context of actions on the circle, i.e. representations/cocycles into Homeo(S 1 ), we shall see that rigidity phenomena appear whenever W G,B is not cyclic.
Actions on the circle, or rather lack of such, for lattices in higher rank Lie groups have recently attracted the attention of a number of authors. Most notable are the works of Witte [44] , Ghys [24] , Burger -Monod [8] , [9] , Farb -Shalen [19] , Witte -Zimmer [45] , Navas [39] , [40] , [41] , Lifschitz -Morris (Witte) [29] . Some of these results require smoothness assumptions, and some restrict the class of lattices considered. In the framework of superrigidity results, which apply to all lattices in a given group G, and assume only continuous action on the circle the best result is due toÉtienne Ghys: Theorem 1.1 ( [24, Théorème 3.1]). Let G be a semi-simple connected real Lie group with finite center and rank R (G) ≥ 2, let Γ < G be an irreducible lattice, and : Γ → Homeo + (S 1 ) a homomorphism.
Then either (Γ) has a finite orbit, or G has an epimorphism p : G → PSL 2 (R) and the original Γ-action is semi-conjugate to the action that 0 (γ) • f = f • (γ) for all γ ∈ Γ. If f can be chosen to be a homeomorphism, the actions and 0 are called conjugate.
An action : Γ → Homeo + (S 1 ) is elementary if it has a finite orbit, or is semiconjugate into a group of rotations. Equivalently, (Γ) has an invariant probability measure on the circle.
Note that if H 1 (Γ, R) is trivial, as is the case for higher rank lattices, then elementary Γ-actions are precisely those which have a finite orbit. (See subsection 1.a below for further discussion).
In the above result of Ghys, one can distinguish between a lattice Γ in a simple Lie group G of higher rank, and the case of an irreducible lattice Γ in a semisimple group G = n i=1 G i which has n ≥ 2 non-compact factors. Non-elementary actions appear only in the latter case, and only if one of the simple factors is locally isomorphic to PSL 2 (R). In the following result we generalize this case to a setting of an irreducible lattice Γ in a product G = n i=1 G i of n ≥ 2 general l.c.s.c. groups. In this context irreducibility means that π i (Γ) is dense in G i for each i, where π i : G → G i denotes the coordinate projection.
Theorem A (Superrigidity for Lattices in General Products). Let Γ be an irreducible lattice in a product G = G 1 × · · · × G n of n ≥ 2 l.c.s.c. groups G i , which do not have infinite index open normal subgroups. Let : Γ → Homeo + (S 1 ) be a homomorphism with (Γ) being non-elementary.
Then one of the factors G i of G admits an epimorphism p : G i → PSL 2 (R) so that the action : Γ → Homeo + (S 1 ) is semi-conjugate to the action 0 : Γ < G This result has an "Arithmeticity" Corollary, when combined with Shalom's [42, Theorem 0.5]: Corollary 1.3 (Arithmeticity). Let Γ < G = G 1 × · · · × G n be an irreducible lattice and : Γ → Homeo + (S 1 ) be a non-elementary action as in Theorem A. Assume that each G i is a simple as a topological group, and that G/Γ is compact.
Then each G i is isomorphic to some PSL 2 (k i ) where k i is some local fields of zero characteristic, and k j = R for some 1 ≤ j ≤ n, Γ is an S-arithmetic lattice in G = n i=1 PSL 2 (k i ) and is semi-conjugate to the natural Γ-action by fractional linear transformations via the projection to the jth factor:
Remark 1.4. The idea that irreducible lattices in products of n ≥ 2 groups should share many rigidity properties with (irreducible) lattices in higher rank (semi)simple Lie groups, can be traced back at least to Benrstein -Kazhdan [4] and is present in the works of Margulis in the seventies. This idea is central in the study of lattices in products of automorphism groups of trees by Burger -Mozes [12] , [11] , [10] , see also [13] and references therein. Starting from Shalom's work [42] many rigidity properties of irreducible lattices in products of completely general l.c.s.c. groups were obtained; in this direction see also: Monod -Shalom [38] , [37] , Bader -Shalom [3] , Monod [35] , [34] , [36] , Bader -Furman -Gelander -Monod [2] , Gelander -Karlsson -Margulis [23] . The latter preprint also contains a previous result of Margulis on abstract commensurator superrigidity [32] . So Theorem A is a natural analogue of Ghys' theorem.
In fact, results similar to Theorem A were recently proved by A. Navas in [40, Theorems B, C, D] using Shalom's splitting theorem for affine isometric actions on Hilbert spaces [42] . However, in order to apply these techniques it was necessary to impose additional assumptions on and on Γ in G, namely that (Γ) is in Diff 1+τ (S 1 ) with τ > 1/2 * and Γ < G is cocompact, or satisfies slightly weaker conditions as in [42] .
Let us point out, however, that our approach is different from the variety of ideas and the techniques which appear in the above mentioned works on lattices in general products; it also differs from Ghys' original proof of Theorem 1.1, and from a later extension to arbitrary local fields obtained by Witte-Zimmer [45] . In fact, we can give an alternative (and, to our taste, a rather easy) proof of theorem 1.1. Observe that Theorem A covers irreducible lattices in all semi-simple groups with more than one non-compact factor. Indeed, given such a group G, the theorem applies to the universal covering groupG, and the resulting map p • π i factors through G, asG is a central extension of G, and PSL 2 (R) is center free. It remains to deal with the case of lattices in simple groups.
Theorem B (after Ghys, Witte-Zimmer). Let k be a local field, G be a k-conected simple algebraic group defined over k, rank k (G) ≥ 2. Let Γ be a lattice in the l.c.s.c. group G = G(k), and : Γ−→Homeo + (S 1 ) a homomorphism. Then (Γ) has a finite orbit.
Theorems A, 1.1, B should be considered as higher rank superrigidity with Homeo + (S 1 ) as a target. The following result is an abstract commensurator superrigidity.
Theorem C (Commensurator Superrigidity). Let Γ < Λ < G be groups, where G is a l.c.s.c. group which has no infinite discrete quotients, Γ is a lattice in G, Λ commensurates Γ and is dense in G. Let : Λ → Homeo + (S 1 ) be a homomorphism such that (Γ) is non-elementary.
Then G admits an epimorphism p : G → PSL 2 (R) so that the original action : Λ → Homeo + (S 1 ) is semi-conjugate to the action
by fractional linear transformations. If G is topologically simple, then G ∼ = PSL 2 (R) and Γ is arithmetic.
There is an interesting class of discrete countable groups -the so calledÃ 2 groups -which share many common properties with higher rank lattices, but do * Substituting Shalom's splitting theorem by its L p analogue from [2] with large p, Navas' arguments can be applied to any τ > 0 (cf. [41] ). not appear as lattices in higher rank semi-simple groups. These groups act simply transitively on thickÃ 2 buildings X . If k is a non-Archemidean field with O denoting the ring of integers in k, Γ = PGL 3 (O) is such an example -it acts on the Bruhat-Tits building X of G = PGL 3 (k). However, it turns out that there are many other exotic thickÃ 2 buildings which admit a simply transitive group of isometries Γ. These groups, commonly known asÃ 2 groups, were constructed and described by Cartwright, Mantero and Steger [16] , [17] . We announce the following result, which seems to be the first superrigidity result for such groups.
Theorem D. Let Γ be anÃ 2 group as above. Then any action : Γ → Homeo + (S 1 ) has a finite orbit.
Here we shall outline the proof of this result and its cocycle version (Theorem F below), but will provide the full details in further papers.
Cocycle versions of the results. We have already mentioned circle bundle version of Ghys' theorem, proved by Witte and Zimmer [45] . In [41] Navas proves some superrigidity results for cocycles : G × X → Diff 1+τ (S 1 ). Let us briefly describe the general setting for such results.
Let G be some l.c.s.c. group, (X, µ) a standard probability space with a measurable, measure preserving, ergodic action of G. We consider G-actions on measurable circle bundles over X. These are trivial bundles and, identifying them with X × S 1 , a G-action corresponds to a measurable cocycle : G × X → Homeo + (S 1 ), g : (x, p) → (g.ω, (g, x).p).
For to be a cocycle means that for all g, h ∈ G and µ-a.e. x ∈ X (gh, x) = (g, h.x) • (h, x).
Definitions 1.5. We shall say that two cocycles , : G × X → Homeo + (S 1 ) are cohomologous, and that the corresponding G-actions are conjugate if there exists a measurable map X → Homeo
x . Cocycle will be said to be semi-conjugate to , and the corresponding G-actions semi-conjugate, if there exists a measurable family of maps {f x :
Finally, a G-action on such a bundle is elementary if it preserves a probability measureμ on X × S 1 the projection of which to X is µ. Equivalently, a cocycle is elementary if it is cohomologous to a cocycle taking values in an elementary subgroup H 0 < Homeo + (S 1 ).
The following is a cocycle analogue of Theorem A (compare with Navas' [41, Theorem B]):
Theorem E. Let G = G 1 × · · · × G n be a product of n ≥ 2 l.c.s.c. groups, (X, µ) a standard probability space with a measurable, measure-preserving G-action in which each factor G i acts ergodically. Let : G × X → Homeo + (S 1 ) be a measurable cocycle, such that the corresponding G-action on X × S 1 is non-elementary.
Then one of the factors G i admits a continuous epimorphism p : G i → PSL 2 (R) and the cocycle is semi-conjugate to the homomorphism
Let us state a result of Witte and Zimmer, which is a cocycle generalizations of Ghys' theorem (though only of the case where G has no PSL 2 (R) factors). We state the case of a simple G: Theorem 1.6 (Witte and Zimmer [45] ). Let G = G(k) be a higher rank group as in Theorem B. Then for any ergodic action of G, or of a lattice Γ < G, on a probability measure (X, µ) all measurable cocycles : G × X → Homeo + (S 1 ), or : Γ × X → Homeo + (S 1 ), are elementary.
Remark 1.7. Note that Theorem E, in particular, covers the case where higher rank semi-simple G has a PSL 2 (R) factor/s. This completes the cocycle generalization of Ghys' result, left open in [45] .
Finally we state the cocycle version of Theorem D.
Theorem F. Let Γ be anÃ 2 group, acting ergodically on a probability space (X, µ). Then all measurable cocycles : Γ × X → Homeo + (S 1 ) are elementary.
1.a . Remarks on Elementary actions. Recall that most groups Γ discussed above have trivial H 1 (Γ, R), i.e. have no homomorphisms to R. Specifically this is known for the following classes of groups:
(1) irreducible lattices in higher rank semi-simple algebraic groups G (c.f. Margulis [31] ); (2) irreducible cocompact lattices Γ in products G = G 1 × · · · × G n of n ≥ 2 general l.c.s.c. groups, with
). (4)Ã 2 groups, because they have Kazhdan's property (T) ( [14] ). Hence elementary actions of such groups are those which have a finite orbit. The restriction of such an action to an appropriate subgroup of finite index will have a fixed point. These subgroups still have vanishing H 1 .
It was pointed out by Ghys [24] (and by Burger and Monod [8] ) that if such a group acts by C 1 -diffeomorphisms, i.e. (Γ) < Diff 1 + (S 1 ) < Homeo + (S 1 ) then, it follows from Thurston's stability theorem [43] that the action of the subgroup is trivial (and the action of the original one is finite). Without the C 1 -smoothness assumption it is, in general, open whether a group as above can have an infinite action with a finite orbit on the circle. Equivalently, it is not known whether some finite index subgroup of a group on the above list can have an infinite action on an interval: Γ → Homeo + ([0, 1]). It is widely believed that such actions do not exist for higher rank lattices. This has been proved by Dave Witte [44] for the case rank Q (Γ) ≥ 2, and more recently by Lucy Lifschitz and Dave (Witte) Morris [29] for many rank Q (Γ) = 1 cases. The problem is still open for all cocompact (i.e. Q-rank 0) higher rank lattices.
1.b . Remarks on Semi-conjugacy. The semi-conjugacy f in definition 1.2 can always be presented as a composition f = g•h of a degree one, non-decreasing, continuous surjection h : S 1 → S 1 , and a degree k ≥ 1 covering map g(z) = z k . If the original action is assumed to be minimal, then h is a homeomorphism. But even in this case semi-conjugacy cannot be replaced by a conjugacy in the statements of Theorems A, 1.3, C. The basic counterexample is an irreducible lattice Γ in G 0 = PSL 2 (R) × PSL 2 (R) which has a lifted embedding into
The Γ-action via the second factor of G is not conjugate, albeit semi-conjugate, to the action 0 via G. Similar examples exist for commensurators. However assuming that the original action is minimal and strongly proximal (see Definition 3.4) the semi-conjugacies in the above stated results can be replaced by conjugacies.
Organization of the paper. The rest of the paper is organized as follows. In section 2 we discuss all the concepts and results which reflect the "higher rank" phenomena of the acting groups. This includes the discussion of the boundaries that we use, the concept of the generalized Weyl group, basic examples and basic constructions, such as the Galois correspondence between subgroups of the Weyl and quotients of the boundary. Section 3 is focused on the target group Homeo + (S 1 ): we recall some properties of group dynamics on the circle and establish some special properties related to the boundary theory (Theorem 3.8) and the generalized Weyl group (Theorem 3.14). These results are put together in Section 4 to prove Theorems A, B, D. Theorem C, which is somewhat independent, is proved in Section 5. Section 6 contains the cocycle versions of the results, with some of the technical discussion postponed to Appendix 7.
Boundary Theory and Weyl Groups
2.a . G-boundaries. Boundary Theory is a broad and somewhat vague term which describes ways to associate a G-space -a G-boundary -to a given group G in a way which helps to understand the structure of the group G itself and of its actions on other spaces. In this paper we shall use the concept of amenable, doubly ergodic with unitary coefficients boundaries, introduced by Burger and Monod in the course of their study of bounded cohomology (we shall use a slightly weaker variant, see below). The main point is that this notion of a boundary is flexible enough to pass to lattices (see Proposition 2.6) and to be applicable to measurable G-cocycles, and yet it is sufficiently powerful for our applications. Also every l.c.s.c. group G admits a G-boundary in this sense, even though not a unique one. The amenability condition is just slightly weaker than Zimmer's original definition [46] (which allows Q to vary measurably over x ∈ B). The double ergodicity condition is equivalent to the condition "For every measure preserving ergodic Gspace X, B × B × X is ergodic" by a use of an apropriate ergodic decomposition. This condition follows from the original condition of double ergodicity with unitary coefficients as in Burger-Monod [9, Definition 5, p. 221]: Lemma 2.2. Assume the Lebesgue G-space X is such that for every unitary Grepresentation π on H, the obvious map (given by constant functions) H π(G) → L ∞ (X, H) G is an isomorphism (X is ergodic with unitary coefficients). Then for every probability space, (Y, η), with a measure preserving G-action, the map (X × Y )/ /G→Y / /G is an isomorphism.
Proof. Consider the following, naturally given, diagram
Given a measurable, measure class preserving action of a l.c.s.c. group G on a standard Lebesgue measure space (X, ξ) we denote by X/ /G the Lebesgue space of ergodic components of the action.
Note that if the map L 2 (Y ) G → L ∞ (X, L 2 (Y )) G is an isomorphism then so is the composed map L ∞ (Y ) G → L ∞ (X ×Y ) G . The latter gives a Lebesgue isomorphism between the corresponding von-Neumann spectra.
We have already mentioned that every l.c.s.c. group G admits a boundary (B, ν) in the above sense. Haven singled out the key properties of amenability + double ergodicity with coefficients, Burger and Monod have proved in [9, Theorem 6] that every compactly generated l.c.s.c. group G admits a boundary in the above sense. Shortly afterwards Kaimanovich removed the compact generation assumption, by an elegant use of random walks, namely using Furstenberg's notion of the Poisson boundary of a random walk on a group. Theorem 2.3 (Kaimanovich [27] ). Let µ be anétalée symmetric probability measure on a l.c.s.c. group G, and let (B, ν) be the associated Poisson boundary of (G, µ). Then (B, ν) is amenable and double ergodic with unitary coefficients, and in particular it is a G-boundary in the above sense.
Let us record some useful observations. The following is immediate from the definitions: Proposition 2.4 (Amenability Criterion). For a non-amenable l.c.s.c. group G all its boundaries (B, ν) have the measure type of the interval, i.e. they are Lebesgue non-atomic measure spaces. For an amenable G the trivial space -the singleton -may serve as a boundary.
Remark 2.5. Note that for an amenable G any weakly mixing measure preserving action gives a G-boundary. Such actions can have huge W G,B (which will never produce any rigidity phenomena in our sense). Some amenable groups might have a "genuine" boundary with a non-trivial Weyl group, e.g. Kaimanovich and Vershik showed that any symmetric random walk with first moment on the wreath product G = Z 3 Z 3 Z/2Z has a non-trivial Poisson boundary [28, Example 6.2]. 
Proof. Assume n = 2 (the general case will follow by induction).
Amenability: Let V be a locally convex G-topological vector space, and let
By the G 1 -amenability of B 1 , Q 1 is not empty. G 2 acts on V 1 via its action on V , and Q 1 is G 2 -invariant, as Q is. By the G 2 -amenability of B 2 there is a G 2 map from B 2 to Q 1 . The latter can be interpreted as a G-map from B to Q.
Double ergodicity Denote Ω i = B i × B i , and Ω = Ω 1 × Ω 2 . Let X be a Lebesgue G-space with an invariant measure. Then
A well known class of examples of G-boundaries is given by the maximal Furstenberg boundaries of semi-simple Lie-groups. A standard example of this sort for G = SL n (R), is the space of flags -sequences of nested linear subspaces
It is the compact homogeneous G-spaces G/P where P is the upper triangular subgroup. More precisely, and more generally, we have the following. [7, Proposition 6.11(i) ]. We are done by Lemma 2.2.
Remark 2.10. Another way of proving lemma 2.8 is by using the fact that G/P (with the Haar measure class) can be realized as the Poisson boundary of G (with respect to any admissible symmetric measure). See [21] for real Lie-groups, [26] for other local fields, simply connected groups, and [3, Proposition 5.2] for the general case.
Let X be anÃ 2 building. Let us briefly describe the notion of a geometric boundary B of X . X is a union of apartments, which are planes divided by three families of parallel lines, the walls, into equilateral triangles, the chambers. In a given apartment any vertex is contained in 3 walls which divide it into 6 connected components, called sectors. Two sectors are declared to be equivalent if there exists a sector contained in both. B is the space of equivalence classes of sectors in X . It carries a natural topology which makes it into a compact (Cantor) space. The group of isometries of X acts on B and this action is continuous. We consider the special case where theÃ 2 building X has a group Γ of isometries which acts transitively on vertices. In [30] (see also [15] ) Mantero and Zappa showed a oneto-one correspondence between harmonic functions on X and finitely additive measures on B (given by the Poisson transform). One can deduce from this result that the Poisson boundary of an isotropic random walk on Γ can be realized as some probability measure on B. Hence applying Kaimanovich theorem 2.3 we obtain: Proposition 2.11 (Boundary forÃ 2 groups). There is a probability measure ν on the geometric boundary B of X so that (B, ν) is a Γ-boundary.
2.b . Generalized Weyl Groups.
Definition 2.12. Let G be a locally compact group, (B, ν) a G-boundary. The associated Weyl group W G,B is defined to be the group of all measure class preserving automorphisms of B × B commuting with the diagonal G-action.
We shall refer to it as the long element of the Weyl group.
For a semi-simple group G and its Furstenberg boundary B = G/P the Weyl group W G,B coincides with the classical Weyl group W of G, and w 0 corresponds to the long element of W . More precisely, we have the following. Given a group G, a subgroup H, let Aut G (G/H) denote the group of permutations of the set G/H commuting with the G-action. If G is a l.c.s.c. group and H is closed, G/H carries a unique G-invariant measure class [m G/H ]. We denote by Aut G (G/H, [m G/H ]) the group of all measure class preserving measurable bijections of G/H, modulo the equivalence relation of being a.e. the same. We need the following simple. but useful
Proof. First observe that the map α :
is well defined, defines a group homomorphism, and Ker(α) = H. Hence it gives an embeddingᾱ :
In the context of l.c.s.c. groups, elements of N G (H)/H still define measurable centralizers of the G-action on (G/H, [m G/H ]), and it is easy to see that non-trivial elements of N G (H)/H remain non-trival even measurable. On the other hand, if φ :
x ∈ G/H; then by Fubini for some (in fact a.e.) x = g 0 H ∈ G/H and for a.e. g ∈ G we have g −1 φ(gg 0 H) = φ(g 0 ). Denoting φ(g 0 H) = g 1 H and n = g −1 0 g 1 we get φ(g H) = g nH for all g in some conull set E ⊂ G. For arbitrary h ∈ H the set E ∩ Eh −1 is conull in G, and for any g ∈ E ∩ Eh −1 :
giving n −1 hn ∈ H. Thus n ∈ N G (H) and φ a.e. agrees with α(n).
Proof of Proposition 2.13. By Lemmas 2.9 and 2.14, the abstract Weyl group W G,B can be identified with N G (Z G )/Z G . As both S and Z G (S) are reductive, each is equal to the Zariski closure of its k-points [6, 2.14(c) ]. It follows that Z G (S) = Z G (S)(k), and N G (Z G (S)) = N G (Z G (S))(k). Since S is the unique maximal k-split torus in Z G (S), we get also N G (Z G (S)) = N G (S). This gives, N G (Z G (S)) = N G (S)(k) and, using [6, 5.4] , allows to conclude
Observation 2.15. Let G = G 1 × · · · × G n be a direct product of n general nonamenable locally compact groups, and (B,
In particular, for every i = 1, . . . , n we have an involution in W G,B given by
where x j , y j ∈ B j . The group generated by these involutions τ i is isomorphic to (Z/2Z) n . We denote it by W . For a subset I of {1, . . . , n}, we denote τ I = i∈I τ i ,
Proposition 2.16. Let Γ be anÃ 2 group, and (B, ν) the boundary as in 2.11. Then W G,B contains S 3 .
Sketch of the Proof. For ν × ν-a.e. two equivalence classes σ, σ ∈ B of sectors there exists a unique apartment P which contains representatives S ∈ σ, S ∈ σ . which form opposite sectors in P , and therefore, define a pair of opposite sides in the hexagon at infinity ∂P of P . The group S 3 acts on such objects by preserving each of the planes P but permuting the choice of the three pairs of sides on the hexagon ∂P (it is generated by the reflections around the "main diagonals" of the hexagon). Being geometrically defined this S 3 -action commutes with the group of isometries Γ; it also preserves the measure class of ν × ν, 2.c . The Galois Correspondence. The abstract term Galois correspondence (often called Galois connection) refers to a situation where two posets (partially ordered sets) A and B are related by two order reversing maps α : B−→A and β : A−→B, so that
In this general setting, it can be shown that α • β : A → A and β • α : B → B are order preserving idempotents. This enables one to define the corresponding closure operations:
The collections A and B of closed objects in A and B (which can be viewed both as sub posets or as quotient posets of A and B) are order anti-isomorphic via the restrictions/quotientsᾱ =β −1 of α and β. The classical Galois correspondence relates subfields to subgroups. We shall consider the following instance of the abstract Galois correspondence.
Let G be a l.c.s.c. group, (B, ν) be a G-boundary, and W < W G,B be some closed subgroup of the corresponding abstract Weyl group. (In what follows W will always be finite and will be assumed to contain the long element w 0 ). Consider the poset SG(W ) consisting of all subgroups of W ordered by inclusion.
Denote by Q(B) the poset of all measurable quotients of (B, ν). Elements of 
Note that T (W ) is always a complete sub σ-algebra of L B . Since W centralizers G this σ-algebra is G-invariant, and therefore defines a G-equivariant quotient of B. Thus for any Φ : 
and construct the joining
This map is Γ × W -equivariant, where Γ acts diagonally on the target, while W permutes its factors.
We shall see in Theorem 3.14 that for boundary maps Φ : B → Prob(S 1 ) associated with actions on the circle the W -action on W/S(Φ) necessarily factors through a finite cyclic group.
Let us now illustrate what implications such information can have on Φ via its closureΦ. Proof. Follows from the definitions.
c.s.c. groups, and that (B, ν) be a product boundary n i=1 (B i , ν i ) as in 2.15.
Assume W ∼ = (Z/2Z) n is the subgroup generated by the involutions τ i . Then
Let Φ : B → C be a measurable quotient and suppose that W I is in the kernel of the W -action on W/S(Φ). The Φ factors as follows
Proof. Follows from the definitions. Proof. By the fact that closed factors are G-factors of G/P we get that they are all of the form G/Q where Q is a standard parabolic subgroup. It is then a standard exercise in Lie theory to prove the correspondence G/Q ↔ W Q .
The classical Weyl group W = N G (S)/Z G (S) of a semi-simple group over k acts on its k-relative root system, and can be viewed as a finite Coxeter group acting on a real vector space V of dimension rk k (G). The group is simple iff its Weyl group acts irreducibly on V ([5, IV.14]). 
be trivial on one of the factors, and a reflection on the other. The reflections which are trivial on V 1 commutes with the reflections which are trivial on V 2 , then by the irreducibility of W as a Coxeter group, we may assume that one of the set is empty. That is, all the reflections act trivially on, say, V 1 . This means that V 1 is in the kernels of all the reflection, which is an absurd. To see that the representation is faithful it is enough to recall that the points in V + have trivial stabilizers. Recall that W is the pointwise stabilizer of a face of V + . W is a proper subgroup, hence this face is not {0}. Denote the kernel of the action of W
hence, by irreducibility, it is V . We get that K is the representation's kernel, which is trivial.
It is probably worth illustrating the concepts by a concrete example. 
is a G-equivariant Borel bijection onto a subset of full measure in B × B (cf. 2.9). Note that the symmetric group S 3 , acting by permutations on the space of triples of such lines, is precisely the Weyl group in our sense (cf. 2.13). Let Φ : B → C be a measurable quotient (such as a Γ-equivariant boundary map B → Prob(S 1 ) arising from an action Γ → Homeo + (S 1 )). Then W = S(Φ) < W = S 3 consists of those permutations σ ∈ S 3 for which
for a.e. ( 1 , 2 , 3 ). For a fixed W < S 3 there is a maximal quotient Φ : B → C for which the above holds, and therefore Φ factors through Φ. These quotients are automatically G-equivariant ‡ and the two non-trivial ones are the projections: Φ 1 ( , Π) = and Φ 2 ( , Π) = Π. For example if S(Φ) fixes 1 interchanging 2 with
In the context ofÃ 2 -groups we announce the following analogue of Proposition 2.20: Proposition 2.24. Let Γ be anÃ 2 group, (B, ν) a Γ-boundary as in 2.11, and W < W Γ,B a group isomorphic to S 3 as in 2.16. Then for any quotient map Φ : B → C the W -action on W/S(Φ) is faithful, unless Φ is the constant map to the singleton. ‡ If G has higher rank and Φ is Γ-equivariant, then by Margulis Factor Theorem Φ is Gequivariant, and so C = G/Q. However, we do not need to use this deep result, apealing instead to the Galois correspondence, which shows that Φ always factors through Φ : B → C of the form C = G/Q with WQ = W ⊃ W .
Circle peculiarities
In this section we collect some special properties of the circle. We think of the circle as a compact 1-manifold, or as R/Z, but it can be thought of as a completion of the unique countable set with a dense cyclic order. This point of view will come handy in Section 7.
3.a . Dynamics on the circle. Let : Γ → Homeo + (S 1 ) be a homomorphism, i.e. an action of some group Γ on the circle S 1 by orientation preserving homeomorphisms. We list some classical facts that will be used below. 
If Γ has no fixed points in K then Ker( ) = Ker( ).
Lemma 3.3 (Invariant measure). If a subgroup Γ < Homeo + (S 1 ) leaves invariant a probability measure µ ∈ Prob(S 1 ), then either Γ has a finite orbit on S 1 , or Γ is is semi-conjugate to a dense subgroup of the rotation group SO 2 (R). In the latter case the semi-conjugacy can be replaced by a conjugacy if µ has full support.
Proof. Let µ has atoms, then its purely atomic part µ a is Γ-invariant. If it is nonempty, then the set of µ-atoms of maximal weight is a finite non-empty Γ-invariant set. Hence Γ has at least some finite orbits. Assuming Γ has only infinite orbits, µ has no atoms. Viewing S 1 as R/Z define the function f : [0, 1] → [0, 1] by f (t) = µ([0, t]). It is a continuos, monotonically increasing function with f (0) = 0, f (1) = 1. So it can be viewed as a continuous degree one map f : S 1 → S 1 . The assumption that Γ preserves µ yields that f is a semi-conjugacy of Γ into the group of rotations. If supp(µ) = S 1 then f is a homeomoprhism, and hence Γ is conjugate in Homeo + (S 1 ) into SO 2 (R).
The above stated facts are classical and were probably known to Poincaré. The following useful result is more recent, it is based on an argument of Margulis [33] with an addition due to Ghys [25, see pp.361-362] . For its formulation we need a term to describe a certain type of dynamics. There are several commonly used properties of group actions on general (compact) spaces, which amount to the same property when applied to the circle. We have picked the term minimal and strong proximal action: (1) (Γ) is equicontinuous, in which case (Γ) can be conjugated into the group of rotations, or (2) the centralizer C of (Γ) in Homeo + (S 1 ) is a finite cyclic group, and the quotient action
is minimal and strongly proximal.
Corollary 3.6. Any non-elementary continuous action of an arbitrary group on the circle is semi-conjugate to an action which is minimal and strongly proximal.
Proof. Let : Γ → Homeo + (S 1 ) be an action without invariant probability measures. In particular it has no finite orbits. This action is then semi-conjugate to a minimal one using a degree one monotonic map f : S 1 → S 1 . The resulting action cannot be conjugate into rotations because rotations leave the Lebesgue measure invariant, and its lift (well defined) to the minimal set for would be (Γ)-invariant. Passing to a finite-to-one quotient of as in (2) of Theorem 3.5 we obtains a minimal strongly proximal action.
Sketch of the proof of Theorem 3.5. Say that an arc I ⊂ S 1 is contractible if there exists a sequence γ n ∈ Γ so that the length of (γ n )(I) goes to 0.
Alternative (1): there are no non-trivial contractible arcs. It is not difficult to see that in this case (Γ) is equicontinuous. Therefore the closure Q = (Γ) in Homeo + (S 1 ) is a compact group by Arzela-Ascoli. The pushforward of its Haar measure is a (Γ)-invariant probability measure. It has full support on the circle because the action is assumed to be minimal. Lemma 3.3 completes the argument.
Alternative (2): there exist non-trivial contractible arcs. Using minimality one shows that contractible intervals cover the whole circle. Denoting by π : R → R/Z = S 1 the projection, define a functionθ : R → R bỹ
Note thatθ is well defined, satisfies x <θ(x) ≤ x + 1 and is non-decreasing. The case of (Γ) being strongly proximal corresponds precisely toθ(x) = x + 1. Using minimality it is shown thatθ has no jumps, and no flat intervals. Clearlỹ θ commutes with Z, and so defines θ ∈ Homeo + (S 1 ); the latter commutes with (Γ). Let C denote the cyclic group C generated by θ. As θ cannot have irrational rotation number (for then Γ would be equicontinuous), C is finite. The quotient by C defines a minimal and strongly proximal action.
3.b . Boundary maps for Circle actions. We start by a small digression describing a natural embedding of the space Meas c (S 1 ) of all finite, signed, continuous measures on the circle into C(S 2 ) -the space of continuous functions on the sphere.
We first observe that the space of all closed proper arcs (arcs with two different end points) on the circle S 1 , endowed with the Hausdorff metric is homeomorphic to S 1 ×S 1 \∆(S 1 ), which is a cylinder S 1 ×(0, 1). The action of Homeo + (S 1 ) on the circle extends to a continuous action on the cylinder. Any non-atomic measure µ on S 1 , defines a function on the cylinder, by an evaluation of the µ-measure of arcs. This function, denoted f µ , is continuous, vanishes at one side S 1 × (0, ), and tends to µ(S 1 ) on the other side S 1 × (1 − , 1), because µ is assumed to have no atoms. Hence, f µ is defined on the two-point compactification of the cylinder, namely on S 2 . This gives a Homeo + (S 1 ) equivariant embedding
which is a positive linear operator of norm 1 with respect to the variation norm on Meas(S 1 ) and max-norm on C(S 2 ). This immediately gives:
is a Homeo + (S 1 ) invariant metric on the space Meas c (S 1 ) of all continuous measures on the circle.
The following fact makes circle actions easy to analyze using boundary maps: Theorem 3.8 (Reduction to atomic measures). Let : Γ → Homeo + (S 1 ) be a minimal and strongly proximal action of some group Γ on the circle, and let (B, ν) be some doubly ergodic measurable Γ-space. Assume that there exists a measurable Γ-equivariant map Φ : B → Prob(S 1 ). Then (1) Such Φ is unique (as a map defined up to ν-null sets).
(2) There exists k ∈ N such that for ν-a.e. x ∈ B the measure Φ(x) is atomic, supported and equidistributed on a k-point set A x ⊂ S 1 . Remark 3.9. We do not know any example where k = 2. In fact, it can be shown that k = 1 in many situations: it was proved for the case of (B, ν) being the Poisson boundary of a generating random walk on Γ by Antonov [1] (see [18, Proposition 5.7] ), and independently by Furstenberg (unpublished); it can be shown under a more general assumption that (B, ν) is an SAT space, or if there is an (infinite) invariant measure in the class of ν × ν on B × B. If indeed k = 1, then the statement of the Theorem is simply: there exists a measurable Γ-equivariant map φ : B → S 1 , and Φ(x) = δ φ(x) is the unique Γ-equivariant map B → Prob(S 1 ). Such a statement could be convenient, but for the purposes of this paper we shall be satisfied with properties (1)-(3) as stated. 
Then up to ν-null set B is covered by ∞ 1 E n , while ν(E n ) = 0 because for νa.e. x ∈ E n for ν-a.e. y ∈ E n . The contradiction yields d 0 = 0. Thus Φ(x) is a fixed measure µ 0 ∈ Prob c (S 1 ). This continuous measure is therefore (Γ)invariant. This argument, originally due to Ghys [24, [207] [208] [209] [210] , applies to arbitrary actions. However our assumption of strong proximality rules out existence of a (Γ)-invariant measure. Thus Φ(x) is a purely atomic measure for ν-a.e. x ∈ B. For any > 0 the set A x, of all the atoms of the atomic probability measure Φ(x) with weight ≥ is finite (bounded by −1 ). We also have
The cardinality |A x, | of these sets is a Γ-invariant function, and therefore a.e. constant k . There is 0 > 0 so that k ≥ 1 for ∈ (0, 0 ]. Lemma 3.11 shows that the set A x, (0 < ≤ 0 ) depends only on x and can be denoted A x . It follows that 0 = k −1 where k = |A x | and
This proves assertions (1) (4). Note that for k ≥ 3 any family A of unlinked k-point sets on the circle is at most countable. To see this, define separation of a k-point set A ⊂ S 1 to be sep(A) = min{d(a, a ) | a = a ∈ A}.
It suffices to show that for any > 0 the collection A = {A ∈ A : sep(A) ≥ } is finite. This is indeed so, in fact the cardinality of A is bounded by (k − 2)/ , because the union of all sets in A divides the circle into arcs, with each set A ∈ A contributing at least (k − 2) arcs of length ≥ .
3.c . The orbit structure of (S 1 ) n and (S 1 k ) m . Fix a natural number n. The space (S 1 ) n is acted uppon by a diagonal action of Homeo + (S 1 ), and by coordinate permutation action of the symmetric group S n . These actions commute.
Let d : (S 1 ) n → N be the map (x 1 , . . . , x n ) → |{x 1 , . . . , x n }| This map is Homeo + (S 1 )×S n invariant. It is not hard to see that the Homeo + (S 1 ) orbit of x ∈ (S 1 ) n is a manifold of dimension d(x), and that the closure of an Homeo + (S 1 ) orbit consists of orbits of lower dimensions. In particular there are n! open orbits, and a unique closed orbit -the diagonal.
Assume from now on that n = km.
We identify X/L with (S 1 k ) m . The map d decends to a map, denoted d as well, d : X → N. We readily get the following lemma. . Obviously F A < H A < H A , and F A is normal in H A , with a finite cyclic quotient. Observe that every finite set of the circle which is stabilized by F A is already in A. It follows that for every intermidate subgroup F A < S < H A , N H (S) is contained in H A as well. Furthemore, N H (S)/S is a finite cyclic group, as a subquotient of H A /F A . In particular, N H (H A )/H A is finite and cyclic. (In fact, F A can be seen to be characteristic in H A -it is the kernel of its profinite "completion" -but we will not use this fact here The W -action on O is given by permutation of coordinates, and is obtained from its action on W/S(Φ). We are just left to remark that since (Γ) cannot have an invariant measure in Prob(S 1 ), Φ is a non-trivial factor map, hence by Lemma 2.18, w 0 / ∈ S(Φ), so the W action on W/S(Φ) is not trivial.
3.e . Extending actions from a dense subgroup. Lemma 3.16 (Extending homomorphisms). Let Λ be a dense subgroup in some l.c.s.c. group G, and : Λ → Homeo + (S 1 ) be a minimal and strongly proximal action (see 3.4) . Suppose that there exists a measurable G-space (B, ν) which admits a measurable Λ-equivariant map Φ : B → Prob(S 1 ). Then extends (uniquely) to a continuous homomorphism¯ : G−→Homeo + (S 1 ) with a l.c.s.c. image¯ (G) < Homeo + (S 1 ).
Proof. It suffices to prove that is continuous with respect to the topology on Λ induced from G, that is to prove that for any sequence λ n ∈ Λ with λ n → e in G, we have (λ n ) → Id in Homeo + (S 1 ). Indeed this would imply that for any g ∈ G and any sequence λ n → g the corresponding sequence { (λ n )} is Cauchy, and therefore uniquely defines an element¯ (g) in the Polish group Homeo + (S 1 ). This also shows that g →¯ (g) is well defined, and is a continuous group homomorphism. The image of a l.c.s.c. group under a continuous homomorphism is easily seen to be l.c.s.c. as well.
So fix some sequence λ n ∈ Λ with λ n → e in G. Upon passing to a subsequence we may assume that (λ n ) converges point-wise to a monotonic, but not necessarily continuous, map f : S 1 → S 1 (choose a countable dense set of points {p i }, and applying the diagonal argument to (λ n ).p i to extract subsequence converging for each i, let f (p i ) = lim (λ n ).p i , and extend by monotonicity). If f (p) = p for all p then (λ n ) converge (uniformly) to the identity.
Otherwise the set {p ∈ S 1 | f (p) = p} is uncountable and contains a point of continuity for f , and therefore we can find non-trivial disjoint open arcs I,
These are disjoint sets of positive ν-measure (Lemma 3.10). For ν-a.e. x ∈ E we have λ n .x ∈ F starting from some n = n(x). At the same time Proof. Let Γ be an irreducible lattice in the product G = G 1 × · · · × G n of n ≥ 2 l.c.s.c. groups, and let : Γ → Homeo + (S 1 ) be a homomorphism so that (Γ) is not elementary. Thus, in particular, Γ is not amenable, and so is G, and hence at least one of the its factors G i . After reordering we may assume that for some 1 ≤ m ≤ n the factors G 1 , . . . , G m are non-amenable, while G m+1 , . . . , G n are amenable. Denote G = G 1 × · · · × G m (it is possible that m = n and G = G). For every i = 1, . . . , m let B i be a G i -boundary, and set B = B 1 × · · · × B m . By Proposition 2.7 B is a G -boundary as well as a G-boundary. Recall the notation introduced in observation 2.15, and let W = τ 1 , . . . , τ m (Z/2Z) m be the corresponding subgroup of W G,B .
By Corollary 3.6, : Γ → Homeo + (S 1 ) is semi-conjugate to a minimal and strongly proximal action 1 : Γ → Homeo + (S 1 ). The G-boundary (B, ν) is also a Γ-boundary (see Proposition 2.6). Amenability of the Γ-action on (B, ν) yields a Γ-equivariant map Φ : B → Prob(S 1 ). Theorem 3.14 tells us that the action of W on W/S(Φ) factors through a non-trivial finite cyclic quotient group. Lemma 2.19 then implies that Φ : B → Prob(S 1 ) factors through some B i → Prob(S 1 ). By the irreducibility assumption on Γ, its projection to G i is dense. Hence, we are in a position to apply Lemma 3.16. It follows that 1 can be extended to a continuous homomorphism¯ 1 : G i −→Homeo + (S 1 ). An image of a l.c.s.c. group in a Polish group under a continuous homomorphism is l.c.s.c. Since L =¯ 1 (G i ) < Homeo + (S 1 ) contains 1 (Γ), it acts minimally and strongly proximally. The assumption that G i have no infinite discrete quotients, implies that L is conjugate to PSL 2 (R) (Theorem 3.17), and¯ 1 is conjugate to an epimorphism p : G i → PSL 2 (R). Finally, the orginal action : Γ → Homeo + (S 1 ) is semi-conjugate to the action
as claimed.
Remark 4.1. Note that the assumption that G i have no non-trivial open normal subgroups, is used only to identify¯ 1 (G i ) as PSL 2 (R). Without this assumption, we could still claim that a non-elementary : Γ → Homeo + (S 1 ) is semi-conjugate to 1 which extends to G and factors through some G i p −→Homeo + (S 1 ) with p(G i ) being either PSL 2 (R) or discrete.
4.b . A simple proof of Theorems B and D.
Proof of theorem B. Let k be a local field, G be a k-connected simple algebraic group defined over k, rk k (G) ≥ 2. Let Γ be a lattice in the l.c.s.c. group G = G(k), and : Γ−→Homeo + (S 1 ) a homomorphism. If the action is elementary then by Lemma 3.3, Γ has a finite orbit on S 1 , as Γ has finite Abelianization. We will assume that is not elementary, and show that this leads to a contradiction.
By corollary 3.6, is semi-conjugate to an action which is minimal and strongly proximal, which we still denote by . Let B = G/P be the flag manifold associated to G as in Lemma 2.8 . Then (B, ν) is a G-boundary as well as a Γboundary (Proposition 2.6). Let W = W G,B be the k-relative Weyl group, as in Proposition 2.13. Amenability of the Γ-action on B yields a Γ-equivariant map Φ : B → Prob(S 1 ). Let S(Φ) < W be the subgroup corresponding to Φ under the Galois correspondence. By Theorem 3.14, the action of W on W/S(Φ) factors through a non-trivial finite cyclic quotient group, while Proposition 2.20 asserts that this action is faithful. This contradicts the fact that the k-relative Weyl group is never cyclic for G of higher k rank.
Sketch of the proof of Theorem D. The argument is essentially the same as for higher rank lattices. Start from anÃ 2 group Γ and a homomorphism : Γ → Homeo + (S 1 ). If is elementary, then (Γ) has a finite orbit, because Γ has a finite Abelianization, implied by property (T) ( [14] ). We shall now reach a contradiction, assuming is non-elementary. Corollary 3.6, up to a semi-conjugacy we may assume that is minimal and strongly proximal. Now let (B, ν) be a Γ-boundary as in Proposition 2.11, and W ∼ = S 3 a subgroup of W G,B . Amenability of the Γ-action on B yields a Γ-equivariant map Φ : B → Prob(S 1 ). Let S(Φ) < W be the subgroup corresponding to Φ under the Galois correspondence. Then Theorem 3.14 implies that the action of W on W/S(Φ) factors through a non-trivial finite cyclic quotient group, while Proposition 2.24 asserts that this action is faithful. The fact that S 3 is not cyclic leads to the contradiction.
Commensurator superrigidity
Proof of Theorem C. Recall the notations: Γ < G a lattice, Γ < Λ < Commen G (Γ) is a dense subgroup in G and : Λ → Homeo + (S 1 ) is an action without invariant measures. Up to a semi-conjugacy we may assume that (Λ) is minimal and strongly proximal (Corollary 3.6).
The assumption Λ < Commen G (Γ) means that for each λ ∈ Λ the groups
have finite index in Γ and c λ : g → λgλ −1 is an isomorphism between them:
Proposition 5.1. If : Λ → Homeo + (S 1 ) is minimal and strongly proximal, and (Γ) has only infinite orbits, then the restriction | Γ to Γ → Homeo + (S 1 ) is also minimal and strongly proximal.
Proof. We first claim that minimality of the Λ-action implies minimality of the Γ-action. First consider an arbitrary subgroup Γ 0 < Γ of finite index. Then Γ 0 and Γ have the same minimal set K. To see this consider Γ 1 = ∩ γ∈Γ γΓ 0 γ −1 , which is a normal subgroup of finite index in Γ. The groups Γ 1 < Γ 0 < Γ have only infinite orbits. Let K 1 , K 0 , and K denote the minimal sets for the actions of these groups on the circle (Proposition 3.1). Since K is invariant under Γ 0 , it contains a Γ 0 -minimal set, which has to be K 0 by uniqueness. Similarly for Γ 1 < Γ 0 , giving the inclusions K 1 ⊂ K 0 ⊂ K. On the other hand Γ 1 is normal in Γ. Therefore K 1 is a Γ-invariant compact set, which implies K ⊂ K 1 . This means K 1 = K 0 = K as claimed.
Any λ ∈ Λ gives a conjugation c λ as in (1) between finite index subgroups of Γ. Thus λ maps objects uniquely associated to Γ λ to similar objects associated to Γ λ . Applying this to minimal sets we get (λ)K = K for every λ ∈ Λ. As Λ acts minimally on the circle, we deduce K = S 1 , that is the minimality of the Γ-action.
Next observe that for a minimal action of some group on the circle, the alternatives of Theorem 3.5 can be phrased in terms of the centralizer of the action: it is either (1) conjugate to the full group of rotations in case of an equicontinuous action, or (2) is a finite cyclic group. For minimal group actions strongly proximality is equivalent to the triviality of the centralizer C.
Given a finite index subgroup Γ 0 in the lattice Γ, and a normal subgroup Γ 1 as before, let C, C 0 and C 1 denote the centralizers in Homeo + (S 1 ) of (Γ), (Γ 0 ) and (Γ 1 ) respectively. Clearly C < C 0 < C 1 . Normality of Γ 1 in Γ implies that C 1 is normalized by Γ. Now observe that for both the full group of rotations, and for any finite cyclic group C, the normalizer of C in Homeo + (S 1 ) coincides with its centralizer. Thus C 1 < C.
Similarly to the minimality argument, for λ ∈ Λ we get that (λ) conjugates the centralizer of Γ λ to that of Γ λ . But by the above argument both are C -the centralizer of Γ. Hence C is normalized by (Λ). It is then centralized by (Λ). The latter is minimal and strongly proximal, so C = {1}. This proves that Γ is also minimal and strongly proximal.
Let (B, ν) be a G-boundary, and Φ : B → Prob(S 1 ) be the Γ-equivariant boundary map. By Theorem 3.8 (1) and (2) such Φ is unique and has the form
In what follows we are suppressing from the action notation.
where g 1 , . . . , g n ∈ Γ be the coset representatives for Γ \Γ. Then Φ λ is Γ-equivarinat.
Proof. Take γ ∈ Γ. It permutes the cosets Γ g i by Γ g i γ = Γ g π(i) where π is a permutation of {1, . . . , n}. In particular there exist γ i ∈ Γ so that g i γ = γ i g π(i) .
Recall that Theorem 3.8 asserts that
Each of Φ λ,i (x) is supported on a k-point set, and their average is also supported on a k-point set A x . As all Φ λ,i (x) and Φ(x) are equidistributed on their support we get Φ λ,i (x) = Φ(x) ∀i = 1, 2, . . . , n for ν-a.e. x ∈ B. For any i we have
i.e. Φ(λ.y) = λΦ(y).
We have proved that Φ : B → Prob(S 1 ) is Λ-equivariant.
We can now apply Lemma 3.16 to deduce that extends (uniquely) to a continuous homomorphism˜ : G → Homeo + (S 1 ) and will denote by L =¯ (G) its image. Recall that this is a non-discrete l.c.s.c. subgroup acting minimally and strongly proximally on the circle, and hence by Theorem 3.17 L is conjugate to PSL 2 (R).
If G is topologically simple then the epimorphism p : G → PSL 2 (R) is an isomorphism. It then follows from Margulis commensurator superrigidity that the lattice Γ has to be arithmetic, since it has a dense commensurator Λ in PSL 2 (R). This completes the proof of the theorem.
Cocycle versions of the results
Let (X, µ) be a standard probability space, G a l.c.s.c. group or a discrete group acting ergodically by measure preserving transformations on (X, µ), and let : G × X → Homeo + (S 1 ) be a measurable cocycle. In what follows we shall need to consider spaces of measurable functions, or sections, from X to Y where Y represents a topological space such as S 1 , Prob(S 1 ), or Homeo + (S 1 ) etc. More precisely we denote by Σ(X, Y ) the set of equivalence classes of measurable
can be endowed with a natural Borel structure, and some such spaces with an additional structure. For example Σ(X, Prob(S 1 )) can be viewed as a convex compact set with an affine G-action a : G → Aff(Σ(X, Prob(S 1 ))) (a(g)σ)(g.x) = (g, x) * σ(x) (σ ∈ Σ(X, Prob(S 1 ))) so that the G-action is continuous (cf. [22] , and Appendix 7 below) § . § The compact metric topology on Σ(X, S 1 ), or Σ(X, Prob(S 1 )), corresponds to convergence in measure (also in L 1 (X, µ)) of measurable functions X → S 1 or X → Prob(S 1 ). Theorem 6.1 (Cocycle version of Theorem 3.5, 3.6). Let : G×X → Homeo + (S 1 ) be a non elementary cocycle. Then is semi-conjugate to a measurable cocycle : G × X → Homeo + (S 1 ) which is minimal and strongly proximal.
The precise definitions of minimality and strong proximality for cocycles and the proof of the above theorem are given in the Appendix below (see Definitions 7.6 and the discussion afterwards). This result implies the following cocycle analogue of Theorem 3.8; the proof of which is a straightforward cocycle adaptation of the proof of Theorem 3.8. Recall the definitions and the construction of an abstract Weyl group in 2.b . In an analogy with Theorem 3.14 we have the following proposition. By Lemma 3.13, we get that the action of W on O factors through a finite cyclic quotient. The proof is complete, as the W -action on O is given by a coordinate permutation, obtains from its action on W/S(Φ). We are just left to remark that since is non-elementary, Φ is a non-trivial factor map, hence by Lemma 2.18, w 0 / ∈ S(Φ), so the W action on W/S(Φ) is not trivial.
6.a . Proofs of Theorems 1.6 and F. The proofs of these cocycle results differ from those of Theorems B and D only in replacing the results about homomorphisms by their cocycle analogues. More specifically the argument is as follows.
Let G denote a higher rank simple group over a local field, a lattice there or a (discrete)Ã 2 group, and let : G × X → Homeo + (S 1 ) be a measurable cocycle that we assume to be non-elementary. Upon applying a semi-conjugacy we may assume that is minimal and strongly proximal (Theorem 6.1). Let (B, ν) be an appropriate G-boundary: as in Lemma 2.8 for semi-simple G, and as in Proposition 2.11 for theÃ 2 -groups. Let W = W G,B be the k-relative Weyl group as in Propositions 2.13, or W ∼ = S 3 as in 2.16, respectively. By amenability of the G-action on (B, ν) there exists a G-equivariant map Φ : B → Σ(X, Prob(S 1 )). Theorem 2.11 asserts that it can be viewed as Φ : B → Σ(X, S 1 k ) for k = 1 or k = 2. In any case let S(Φ) < W denote the subgroup corresponding to this quotient of B in the Galois correspondence between SG(W ) -subgroups of W , and Q(B) -the quotients of B. Proposition 6.3 asserts that the W -action on W/S(Φ) factors through a non-trivial cyclic group. Complexity of W precludes this from happening. Indeed for a simple algebraic case, Proposition 2.20 states that such an action is always faithful, and this leads a contradiction as the krelative Weyl group of a simple k-group G with rk k (G) ≥ 2 is never cyclic. In theÃ 2 case the contradiction is that S 3 is not cyclic, while S 3 acts faithfully on W/S(Φ) (Proposition 2.24).
6.b . Proof of Theorem E. Let G = G 1 × · · · × G n product of some l.c.s.c. groups, acting measurably on a probability space (X, µ), so that each G i acts ergodically. Let : G × X → Homeo + (S 1 ) be a non-elementary measurable cocycle. Note that not all of G i are amenable, for otherwise G would be amenable and any cocycle would be elementary. Up to reordering, we may assume that for some 1 ≤ m ≤ n the factors G 1 , . . . , G m are non-amenable while G i are amenable for m < i ≤ n.
Let B = B 1 × · · · × B m be the product of the non-trivial boundaries as in Proposition 2.7, and W = (Z/2Z) m < W G,B be a subgroup of the Weyl group as in 2.15. By Theorem 6.1, up to a semi-conjugacy can be assumed to be minimal and strongly proximal. Let Φ : B → Σ(X, Prob(S 1 )) be the corresponding boundary map, the existence of which is guaranteed by the amenability of B. By Theorem 6.2, the image of Φ is in Σ(X, S 1 k ) for k = 1 or k = 2. Proposition 6.3 shows that the action of W ∼ = (Z/2Z) m on W/S(Φ) factors through a non-trivial finite cyclic group. By Lemma 2.19, S(Φ) = W I for I = {1, . . . , m} − {i} for some i ∈ {1, . . . , m}, and up to reordering we may assume that i = 1. Hence Φ factors through Φ 1 : B 1 → Σ(X, S 1 k ). We denote H = G 2 × · · · × G n , and observe that H acts trivially on B 1 , but ergodically on (X, µ).
Recall that at a similar stage in the proof of Theorem A, we were able to continuously extend the given action of a dense subgroup in G 1 , namely π 1 (Γ), to 0 : G 1 → Homeo + (S 1 ). The challenge in the present setting is that there is no circle action to start with! We shall construct an "abstract" circle and a G 1action on it, and will prove that the cocycle is conjugate to this homomorphism. Theorem E will be proved in four steps.
Step 1: There exists a probability measure η on the compact metric space Σ(X, S 1 ) so that (i) for all g ∈ G we have a(g) * η ∼ η, (ii) for all g ∈ H we have a(g)(σ) = σ for η-a.e. σ ∈ Σ(X, S 1 ). Recall that we have a measurable map Φ : B → Σ(X, S 1 k ) for k = 1 or k = 2, which factors through B 1 :
clearly satisfies (i) and (ii) above.
The case of k = 2 is a little trickier. Instead of Φ :
are disjoint and "unlinked" (Theorem 6.2 (3)). We claim that Ψ, viewed as a four point bundle over B × B × X, can be "trivialized". More precisely we can define measurable G-equivariant maps Ψ i : B × B → Σ(X, S 1 ), i ∈ {1, 2, 3, 4}, so that
Indeed, a four point set P ⊂ S 1 with a a given partition P = P ∪ P into two "unlinked" pairs P and P of points, can be written in a unique way as P = {p 1 , p 2 , p 3 , p 4 } so that the cyclic order of the points would match the cyclic order (1, 2, 3, 4) of their indices, while the partition would be into P = {p 1 , p 2 } and P = {p 3 , p 4 }. Applying this argument to the four point set P x = A b ,x ∪ A b ,x we obtain the above maps Ψ i (b , b , x) (measurability being clear from the construction). We can now use, say Ψ 1 , to pushforward the measure ν × ν η = (Ψ 1 ) * (ν × ν).
Step 1 is accomplished.
Step 2: The support Σ = supp(η) ⊂ Σ(X, S 1 ) has a G-invariant dense cyclic order, compatible with µ-a.e. evaluation projection p x : Σ → S 1 .
Let ω : S 1 × S 1 × S 1 → {−1, 0, 1} denote the given orientation on the circle (ω(a, b, c) = 1 represents (a, b, c) = (b, c, a) = (c, a, b), ω(a, b, c) = −1 represents the order (a, c, b) = (c, b, a) = (b, a, c), and we set ω(a, b, c) = 0 if not all the points are distinct). An abstract cyclic order on Σ is a map Ω : Σ 3 → {−1, 0, 1} satisfying some obvious consistency relation (algebraically, the condition is that Ω is a cocycle: ∂Ω vanishes on Σ 4 ). We shall define such an order by pulling back ω via µ-a.e. evaluation projection p x : Σ → S 1 .
Observe that since G-act continuously on Σ(X, S 1 ) preserving the measure class of η, the support Σ = supp(η) is a G-invariant set, on which H acts trivially. Hence for any triple α, β, γ ∈ Σ and for any g ∈ G we have for µ-a.e. x ∈ X ¶ :
= ω(α(x), β(x), γ(x)).
In particular, the measurable function ω • p x is H-invariant on Σ 3 , and hence is µ-a.e. constant. This allows to define the cyclic order Ω on Σ. The above µ-a.e. relation also shows that G preserves Ω. It follows from minimality and strong proximality of that Ω is dense: for any α = β and γ in Σ there exists g ∈ G so that E = {x ∈ X : ω(α(x), gγ(x), β(x)) = 1} has µ(E) > 0 (see Lemma 7.7), and therefore Ω(α, gγ, β) = 1 (and µ(E) = 1).
Step 3: Σ ∼ = S 1 which gives a G-action: 0 : G
Indeed, fix some countable subset Σ 0 ⊂ Σ which is topologically dense in Σ and inherits a dense cyclic order, and choose a similar subset S 0 ⊂ S 1 (for example S 0 = Q/Z ⊂ S 1 = R/Z). Then there exists an order isomorphism h 0 : Σ 0 → S 0 . By topological density of the sets this order isomorphism uniquely extends to a homeomorphism h : Σ → S 1 . The G-action on Σ then defines the action 0 : G → Homeo + (S 1 ) by
. This G-action factors through G 1 because H act trivially on Σ.
Step 4: There exist f ∈ Σ(X, Homeo + (S 1 )) s.t. (g.x) = f g.x • 0 (g) • f −1
x . Note that since Σ is G-invariant, while is minimal, p x (Σ) = S 1 for µ-a.e. x. The set Σ 0 is countable, hence there is a full measure set X 0 ⊂ X so that Ω on Σ 0 agrees with ω on S x = p x (Σ 0 ) ⊂ S 1 . The assumption that Σ 0 is dense in Σ implies that for any > 0: µ x ∈ X 0 : S 1 \ S x contains an -arc = 0.
Thus for a subset X 1 ⊂ X 0 of full measure, S x is dense in S 1 , for all x ∈ X 1 . Let f x : S 0 → S x be an order preserving bijection; it can be chosen measurably on X 1 . We continue to denote by f x : S 1 → S 1 the unique continuous extension of f x : S 0 → S x . Then {f x } x∈X 1 is a measurable family of homeomorphisms, such that for σ ∈ Σ for µ-a.e. x ∈ X: σ(x) = (f x • h)(σ). Thus for any g ∈ G and any countable set {σ i } in Σ, we have for µ-a.e. x ∈ X:
Choosing the sequence {σ i } to be dense in Σ this gives the identity of homeomorphisms: for every g for µ-a.e. x ∈ X:
−→G 1 −→Homeo + (S 1 ). This complets the proof of Theorem E. ¶ Hereafter we simplify the notation for the G-action on Σ by writing gσ instead of a(g)(σ) 7. Appendix 7.a . Generalities on function spaces. Let (X, µ) be a Lebesgue probability space and M be a topological space. We denote by Σ(X, M ) the space of equivalence classes of measurable functions X → M , defined up to measure zero. We endow Σ(X, M ) with the weakest topology such that for every f ∈ C c (M ), and λ ∈ L 1 (X, µ), the function
is continuous. The following are straightforward but useful observations:
(1) Σ(X, M ) is functorial: contravariant in G-actions on X, and covariant in M . (1) σ ∈ Σ(X, C(M 1 , M 2 )).
Lemma 7.5. Let E be a measurable bundle over X, with countable fiber, and assume that on (almost) every fiber there is a dense cyclic order, where the order relation is measurable. Then there is a conull set X 0 ⊂ X and an isomorphism of bundles over X 0 between E and X 0 × Q/Z, which is order preserving on almost every fiber.
Proof. The proof of this statement is a straightforward modification of the standard proof that every countable dense cyclic order is isomorphic to that of Q/Z. One just needs to replace terms as "choose a point such that..." by "chosse a measurable section such that...". 7.b . Circle Bundles. The cocycle versions of the notions of minimality and strong proximality were introduced in Furstenberg's [22] . For circle bundles it is convenient to combine together these terms. Denote by 2 M the compact metric space of all non-empty closed subsets of M equipped with the Hausdorff metric.
Definitions 7.6. Let : G × X → Homeo + (S 1 ) be a measurable cocycle over an ergodic probability measure preserving G-action on (X, µ). We say that is:
• elementary if there exists a G-invariant section in Σ(X, Prob(S 1 ));
• minimal if there are no non-trivial G-invariant sections in Σ(X, 2 S 1 ); • minimal and strongly proximal if for any section of proper subsets, σ ∈ Σ(X, 2 S 1 ) and any τ ∈ Σ(X, S 1 ), the G-orbit of σ contains j(τ ) in its closure, where j(τ )(x) = {τ (x)} ∈ Σ(X, 2 S 1 ).
To clarify the above definitions, here is an alternative and more concrete description, essentially identical to the one in [22, Lemmas 3.2, 3.3].
Lemma 7.7. Let : G × X → Homeo + (S 1 ) be a measurable cocycle over an ergodic probability measure preserving G-action on (X, µ). Then (1) is minimal iff given any σ ∈ Σ(X, S 1 ), a non-empty open U ⊂ S 1 , and a measurable subset E ⊂ X with µ(E) > 0, there exists g ∈ G and
x ∈ E ∩ g −1 E so that (g, x)σ(x) ∈ U . (2) is minimal and strongly proximal iff given any K ∈ Σ(X, 2 S 1 \ {S 1 }), a
non-empty open U ⊂ S 1 , and a measurable subset E ⊂ X with µ(E) > 0, there exists g ∈ G and x ∈ E ∩ g −1 E so that (g, x)K(x) ⊂ U .
Lemma 7.8 (Reduction to Minimal cocycles). Every non-elementry cocycle : G × X → Homeo + (S 1 ) is semi-conjugate to a non-elementry minimal cocycle.
Proof. By Zorn's lemma Σ(X, 2 S 1 ) contains a minimal G-invariant element K (cf. [22, Lemma 3.2]). By the ergodicity of the G-action on X, the topological type of the closed sets K(x) ⊂ S 1 is µ-a.e. the same. Let I(x) ⊂ K(x) denote the set of all the isolated points of K(x). Then I = {I x } x∈X is a G-invariant relatively open subset of K. Hence I is either empty, or I = K. The latter would imply that K(x) = I(x) is a finite set with a fixed number of elements. This would contradict the assumption that is non-elementary. Hence I(x) = ∅, i.e. K(x) is a perfect set a.e., which leaves two possibilities: either K(x) = S 1 or K(x) is a Cantor set for µ-a.e. x ∈ X. We need to reduce the latter case to the former using a semi-conjugacy. For a Cantor set K(x) the compliment S 1 \ K(x) is a countable union of disjoint open intervals, which have a dense cyclic order type. This defines a bundle as in Lemma 7.5, and up to a null set we can write
where U q (x) varies measurably in x ∈ X for each q ∈ Q/Z. This defines a measurable family f x : S 1 → S 1 of order preserving continuous surjections with f x (K(x)) = S 1 and f −1
x ({q}) = U q (x)). It also defines a G-action on Σ(X, S 1 ) via a cocycle : G × X → Homeo + (S 1 ) which acts minimally on X × S 1 and satisfies (g, x)
• f x = f g.x • (g.x).
Cocycle
is non-elementary, because any -invariant measure projecting to µ would have given rise to a -invariant probability measure.
Proof of Theorem 6.1. Let : G×X → Homeo + (S 1 ) be a non-elementary cocycle. Up to a semi-conjugacy we may assume to be minimal (Lemma 7.8). We shall now construct a finite quotient which will give rise to a minimal and strongly proximal cocycle. The main issue here is the construction of an element θ ∈ Σ(X, Homeo + (S 1 )) that commutes with the action of G on X × S 1 . Note that while G moves fibers over X according to the ergodic G-action on X, θ will leave each circle fiber invariant.
The construction is a fiberwise imitation of the construction in the proof of Theorem 3.5. Let π : R → R/Z = S 1 denote the projection map. For every (x, p) ∈ X × R, definẽ θ(x, p) = sup{q ∈ R | ∀ > 0 ∃g ∈ G, s.t. λ( (g, x)(π([p, q])) < } where λ denotes the length on S 1 = R/Z. As in the proof of Theorem 3.5, it is not hard to see that for µ-a.e. x ∈ X: the mapθ(x) : R → R is a continuous monotonically strictly increasing map, commuting with the Z-translation. The map x →θ(x, p) is measurable for any fixed p ∈ R, so by Corollary 7.4,θ is in Σ(X, Homeo + (R)). Since it commutes with the action of Σ(X, Z),θ defines an element θ ∈ Σ(X, Homeo + (S 1 )). By the construction θ commutes with the G-action on X × S 1 .
For (x, p) ∈ X × R we have p ≤θ(x, p) ≤ p + 1. The extreme casesθ(x, p) = p andθ(x, p) = p + 1, either occur for µ-a.e. x ∈ X and all p ∈ R or for no p. It is also easy to see that the limit τ (x) = lim n→∞θ n (x, p)/n exists and is independent of p, and τ : X → [0, 1] is a measurable function. Being G-invariant, this function is a.e. constant τ . There are several possibilities for the values for τ :
Case τ = 1. This means thatθ(x, p) = p + 1 for a.e. x ∈ X and all p ∈ R. Recalling the definition ofθ this means that is strongly proximal.
Case τ ∈ (0, 1) ∩ Q. Suppose that τ = p/q with gcd(p, q) = 1. Then for µ-a.e. x ∈ X the homeomorphism θ(x) has a rotation number τ = p/q and so θ q (x) has a fixed point. Let F (x) ⊂ S 1 denote the fixed point set of θ q (x). Then F ∈ Σ(X, 2 S 1 ) is G-invariant, and by minimality F (x) = S 1 , i.e. θ q (x) is the identity for a.e. x ∈ X. In this case the q-to-1 continuous map f x : S 1 → S 1 /θ(x) provides a semi-conjugacy of to a cocycle with τ = 1, i.e. to a strongly proximal (and minimal) cocycle, as claimed.
Case τ ∈ (0, 1) \ Q. In this case, θ(x) has an irrational rotation number and therefore is (semi)-conjugate to an irrational rotation usingh : X → C(R, R) defined by h(x)(p) = sup{θ(x) n (p) − nτ }, which descends to h : X → C(S 1 , S 1 ) In fact, minimality of the G-action implies that h(x) ∈ Homeo(S 1 ), so this is a conjugation rather then semi-conjugacy. This leads to a contradiction because the unique θ(x)-invariant probability measure would give rise to a G-invariant element in Σ(X, Prob(S 1 )), contrary to the assumption that is non-elementary.
Case τ = 0. Here the argument differs slightly from the one used in Theorem 3.5. In this case θ has a fixed points at almost every fiber. By the minimality of , θ is trivial. Let δ denote some fixed metric on the circle S 1 . Consider the following family of associated pseudo-metrics:
Obviously, d g.x = d x • (g, x). The assumption τ = 0 means that for µ-a.e. x ∈ X we haveθ(x, p) = p for all p, which implies d x (p, q) > 0 for any p = q. So d x is measurable family of actual metrics on S 1 . This allows us to define the "integrated" metric D on Σ(X, S 1 ):
This metric is preserved by the G-action. For µ-a.e. x the metric d x defines the usual topology on the circle S 1 . Thus D defines the same (compact metrizable) topology on Σ(X, S 1 ) as the weak topology introduced at the beginning of this section in (2); because this topology describes convergence in measure (also in L 1 (X, µ)) of measurable functions X → S 1 , a notion which coincides for d x and δ.
Recall that the group of isometries of a metric compact space is a compact group (follows from Arzela-Ascoli). So the closure K of G in the group of isometries Isom(Σ(X, S 1 ), D) is compact. The pushforward of the Haar measure on K to any K-orbit on Σ(X, S 1 ) defines a G-invariant probability measure M on Σ(X, S 1 ).
Finally, observe that a G-invariant measure M ∈ Prob(Σ(X, S 1 )) defines a Ginvariant m ∈ Σ(X, Prob(S 1 )), by m x = Σ(X,S 1 ) δ σ(x) dM (σ) (Fubini guarantees that this definition is correct). Existence of a G-invariant element m ∈ Σ(X, Prob(S 1 )) contradicts the assumption that is non-elementary.
